Abstract. In this paper, we perform a comparison study of explicit and implicit numerical methods for the equity-linked securities (ELS). The option prices of the two-asset ELS are typically computed using an implicit finite difference method because an explicit finite difference scheme has a restriction for time steps. Nowadays, the three-asset ELS is getting popularity in the real world financial market. In practical applications of the finite difference methods in computational finance, we typically use relatively large space steps and small time steps. Therefore, we can use an accurate and efficient explicit finite difference method because the implementation is simple and the computation is fast. The computational results demonstrate that if we use a large space step, then the explicit scheme is better than the implicit one. On the other hand, if the space step size is small, then the implicit scheme is more efficient than the explicit one.
Introduction
Equity-linked securities (ELS) are auto-callable options whose return on investment is dependent upon the path of the underlying equities linked to the securities. ELS can be made from a few number of stocks or stock indexes such as the KOSPI200 in Korea. ELS is a derivative product in the market. ELS guarantees a debt and is similar to a barrier option. ELS comprises a large portion of exchange volume in Korea financial market. A distinguishing feature of ELS is the automatic earlyredemption condition before its maturity. Generally, in order to get price of ELS, Monte Carlo simulation (MCS) and finite difference method (FDM) are used. Typically, we use the implicit scheme with operator split method (OSM) or alternating direction implicit (ADI) because they are stable. Although the implicit scheme with OSM has an advantage in stability, it is costly to solve the tridiagonal matrix implicitly. In particular, we need to solve the system three times in each time step for the three-asset problems. In practice, we calculate one time step with one day, which is about 1/365 and discretize the asset by one unit. Therefore, the time step is small enough and space step is large enough. Furthermore, if we want to calculate the Greeks of the option price, especially theta which is the rate of change of the option value with respect to changes in the time to maturity, then we have to use much smaller time step. For these considerations, it is better to use an explicit scheme with smaller time step, which gives much accurate solutions. The program implementation is simple and fast. The main purpose of this paper is to develop an explicit scheme on a non-uniform grid to solve value of ELS.
The paper is organized as follows. We introduce Black-Scholes model in Section 2. In Section 3, we present three-asset step-down ELS. Numerical methods are presented in Section 4. In Section 5, we perform numerical experiments. In Section 6, we take conclusion for this paper.
Black-Scholes model
To evaluate value of the ELS option, we consider the standard BlackScholes model [1] , which can be written as
Here, u(x, t) is the value of the option, where
is the total number of underlying assets, x i is the value of the i-th underlying assets, and t is the time. Also, r represents the riskless interest rate, σ i is the volatility of i-th the underlying assets, ρ ij is the correlation coefficient between x i and x j , and T is the maturity time of the option. Switching to the new coordinate X = log x [4] and using the transformation τ = T − t, the standard BS equation can be rewritten as
where U (X, τ ) is the value of the option and X = (X 1 , X 2 , . . . , X d ).
Initial condition
In this section, we briefly describe the concept of step-down ELS option and we introduce a three-asset step-down ELS option as an example.
Step-down ELS
The payoff of ELS is determined by early redemption or final maturity redemption. In one-asset step-down ELS, if an underlying asset is in the predetermined exercise price at certain maturity dates according to contract, then ELS gives designated return and is exterminated. However, if the underlying asset is not in a certain price, the contract is not exterminated and will be continued until next maturity. If the contract continues at final maturity and the underlying asset is not in final exercise barrier, the payoff is determined whether the contract hit knock in barrier. If the underlying asset did not hit the knock in barrier, the ELS gives predetermined return, dummy. Otherwise, the ELS will make a loss in face value. The step-down means that the designated strike price decreases.
In this paper, we consider a three-asset step-down ELS which is similar to a one asset step-down ELS, as we explained above. The difference with a one asset ELS is that the base price is referred from the minimum of three underlying assets at certain maturity dates. The payoff structure of three-asset step-down ELS is as follows [3] :
• Early redemption occurs, and the contract is exterminated with predetermined return if the value of the worst performer, which means the minimum value of underlying assets is greater than or equal to a given exercise price on a given date.
• If the early redemption do not occur until the final maturity, the return depends upon whether Knock-In occurs or not.
Example for three-asset step-down ELS
To help readers' understanding of the step-down ELS option, we include the example for three-asset step-down ELS. We consider the parameters as the reference price E = 100, the riskless interest rate r = 0.03, the volatilities of the underlying assets σ 1 = σ 2 = σ 3 = 0.3, the correlations of underlying assets ρ 12 = ρ 13 = ρ 23 = 0.5, the face value F = 100, the Knock-In barrier level KIb = 0.65E, the dummy rate d = 0.3, and the final maturity time T = 1. At the early redemption, observation date (τ i ), exercise price (K i ), and return rate (c i ) are described in Table 1 . Table 1 . Observation date (τ i ), exercise price (K i ), and return rate (c i ) used in example for three-asset step-down ELS. Figure 1 illustrates the payoff of early obligatory redemption before final maturity.
Payoff at early redemption Along with the characteristics of the step-down ELS, we must take two considerations of the payoffs at maturity. According to whether or not the value of ELS hits the Knock-In barrier (KIb) during the contract, we define two values V (X, τ ) and U (X, τ ). Then, the initial conditions of U and V are set to
and
where S 0 = min(X 1 , X 2 , X 3 ) which is the value of the worst performer. In Fig. 2 , we can see the corresponding payoffs of U and V when c 6 
Payoff at maturity
Payoff at maturity Figure 2 . Payoffs of (a) U and (b) V at final maturity.
Numerical solution
In this section, we describe the numerical discretization of Eq. (1) using explicit scheme on the computational domain Ω = [1, S max ] 3 , which is log-transformed by the three-dimensional finite domainΩ = [e, e S max ]. Also, to prevent the spurious oscillatory solution by explicit scheme, we derive the condition for time step size.
Discretization of log-transformed BS equation
Let X, Y , and Z denote the log-transform of x-, y-, and z-variables, respectively. Now, we discretize the log-transformed computational domain Ω = [1, S max ] 3 with non-uniform spatial step size Fig. 3 ) and temporal step size ∆τ = T /N τ . Here, X 0 = 1, X N x = S max , where N x and N τ are the numbers of grid points in the X-and τ -directions, respectively. Figure 3 . Nonuniform mesh on log-transformed grid X.
We denote the numerical solution by
Applying the explicit finite difference scheme to Eq. (1) gives
Here, spatial differences on the non-uniform grid are defined by
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Other spatial differences can be similarly defined. Equation (4) is rewritten as follows:
where C 1 = r − 0.5σ 2 1 , C 2 = r − 0.5σ 2 2 , and C 3 = r − 0.5σ 2 3 .
Condition for the non-oscillatory solution
Now, we derive the conditions under which the explicit scheme for Eq. (4) will not make spurious oscillations by using the idea in reference [2] . Then, we rewrite Eq. (4) as
, where the superscript n for (1 − r∆τ ) represents an exponent. Then, we obtain
Since all coefficients of β n ijk in Eq. (7) are positive, the following conditions should be satisfied.
Also, when we solve the log-transformed BS equation on the adaptive grid, we will use non-decreasing spatial step size, that is, 
Numerical experiments
In this section, we implement numerical tests with our numerical method. For numerical tests, we consider three-asset step-down ELS option as the example described in section 3.2. We compare non-oscillatory explicit FDM and implicit FDM with respect to computational costs and errors.
Numerical treatment for three-asset step-down ELS option pricing
Before evaluating the option value of the test problem which is stated in section. 3.2, we first have to consider two cases according to the initial payoff. Let U and V be the numerical solutions with payoffs which knock-in event does not happen and happen, respectively. With the initial payoffs (3) and (2) which are described in Fig. 2 , we solve Eq. (5). After solving Eq. (5) once, we replace the values of less than KIb in U with the values of V [3] . And then, we update the value of U by using the FDM scheme. These processes are repeated from 0 to T every time step. Also, at the early redemption before τ = T , U and V follow the conditions which are described in Table 1 and Fig. 1 .
Numerical test
We perform numerical experiments for pricing three-asset step-down ELS. The parameters we have used are listed in section 3. Now, we compare the results from MCS and the FDM, the implicit scheme with OSM and non-oscillatory explicit scheme. We focus on the value of U (100, 100, 100). In this test, MCS is performed 10 6 samples with ∆τ = 1/1440 using antithetic variates of variance reduction, and results from MCS are used as a reference value [7] . In order to reduce errors of simulation, we calculate the average of the 100 MCS cases. The option value obtained from MCS is 99.39883385 as a reference value, and the MCS takes 1425 seconds at a time. For FDM tests, a various of non-uniform mesh for each direction is used. We fix ∆τ for 1/360 in the implicit scheme and adjust ∆τ to prevent from spurious oscillation of explicit scheme satisfying the number of early re- Tables 2-6 means that 
All tests were performed on Intel(R) Core(TM)2 Duo E8400 CPU@3.00GHZ with 3.46GB of RAM loaded MATLAB 2014a [6] .
The option value of U (100, 100, 100) and absolute relative percent error with the value of MCS and each FDM are shown in Tables 2-6 , where h is spatial step size for non-uniform mesh. Table 2 shows that non-oscillatory explicit scheme is more superior than implicit scheme with OSM in terms of computational cost and the error with MCS in every spatial step. Note that the more space steps are taken, the faster computational time is taken in our scheme. On the other hand, Tables 3-6 present that explicit scheme has similar error with implicit scheme. Overall, the explicit scheme is better than the implicit if we use a small number of mesh points. However, if the spatial step size is small, then the implicit scheme is more efficient than the explicit scheme. 
Conclusions
In general, the implicit scheme is used with Thomas algorithm. However, there are several drawbacks for practical calculation. First, the implicit scheme has more time complexity in terms of computations for solving option values. Next, it is hard to use the methodology for multidimensional problem since it is necessary to apply the OSM or ADI. Hence we compared the explicit scheme satisfying non-oscillatory condition and the implicit method for multi-dimensional financial options.
Throughout the paper, the non-oscillatory explicit scheme is simple to implement and superior if we use a small number of mesh points. On the other hand, the implicit scheme is more efficient than the explicit scheme if the spatial step size is small.
